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Abstract. The rotation group is formulated based on the abstract B(X)-module framework.
Although the infinitesimal generators of rotation group include differential operators, the
rotation group has been formulated utilizing the framework of bounded operator algebra. In
this article, unbounded formulation of rotation group is established.
1. Introduction
The rotation group is generated by the angular momentum operator (for textbooks, see
Refs. [11, 12]). The angular momentum operator includes a differential operator, as represented
by
L = −ih¯(r×∇), (1)
where h¯ is a real constant called the Dirac constant. The appearance of differential operator ∇
in the representation of L is essential. The operator ∇ is an unbounded operator for example in
a Hilbert space L2(R3), while it must be treated as a bounded operator in terms of establishing
an algebraic ring structure. Furthermore, the operator boundedness is also indispensable for
some important formulae such as the Baker-Campbell-Hausdorff formula and the Zassenhaus
formula to be valid. In general, the exponential of unbounded operators cannot be represented
by the power series expansion (cf. the Yosida approximation in a typical proof of the Hille-Yosida
theorem; e.g., see Ref. [10]).
In this article, using B(X)-module [3], the bounded part is extracted from unbounded
operators. The extracted bounded parts are utilized to formulate the rotation group without
disregarding the unboundedness of angular momentum algebra.
2. Rotation group
Let R3 be the three-dimensional spatial coordinate spanned by the standard orthogonal axes, x,
y and z. The angular momentum operator L is considered in L2(R3). The angular momentum
operator
L = (Lx,Ly,Lz)
consists of x, y, and z components
Lx = −ih¯(y∂z − z∂y),
Ly = −ih¯(z∂x − x∂z),
Lz = −ih¯(x∂y − y∂x),
respectively. The commutation relations
[Lx,Ly] = ih¯Lz, [Ly,Lz] = ih¯Lx, [Lz,Lx] = ih¯Ly (2)
are true, where [Li,Lj ] := LiLj − LjLi denotes a commutator product (i, j = x, y, z). The
commutation of angular momentum operators arises from the commutation relations of the
canonical quantization
[x, px] = [y, py] = [z, pz] = ih¯,
[y, px] = [y, pz] = [z, px] = [z, py] = [x, py] = [x, pz] = 0.
(3)
Indeed, the momentum operator p = (px, py, pz) is represented by p = −ih¯(∂x, ∂y, ∂z) in quantum
mechanics. It is remarkable that the commutation is always true for the newtonian mechanics;
i.e., [x, px] = [y, py] = [z, pz] = 0 is true in addition to [y, px] = [y, pz] = [z, px] = [z, py] =
[x, py] = [x, pz] = 0.
Let a set of all bounded operators on L2(R3) be denoted by B(L2(R3)). A set of operators
{Lk; k = x, y, z} or {iLk/h¯; k = x, y, z} with the commutation relation (2) is regarded as the
Lie algebra. In particular {αˆLx+ βˆLy+ γˆLz; αˆ, βˆ, γˆ ∈ C} forms a vector space over the complex
number field, while {α(iLx/h¯) + β(iLy/h¯) + γ(iLz/h¯); α, β, γ ∈ R} is a vector space over the
real number field. It is possible to associate the real numbers α, β, and γ with the Euler angles
(for example, see Ref. [7]). The second term of the right hand side of
(ri∂j)(rk∂l) = ri(∂jrk)∂l + rirk∂j∂l (4)
disappears as far as the commutator product [Li,Lj] is concerned, where ri is equal to i, and
i, j, k, l = x, y, or z satisfy i 6= j and k 6= l. This fact is a key to justify the algebraic ring
structure of {Lk; k = x, y, z}. On the other hand, although Lk is assumed to be bounded
on L2(R3) in the typical treatment of the Lie algebra, it is not the case for the angular
momentum algebra because of the appearance of differential operators in their definitions. From
a geometric point of view, the range space R(Lk) ⊂ L
2(R3) strictly includes the domain space
D(Lk); i.e., there is no guarantee for any u ∈ L
2(R3) and a certain positive M ∈ R to satisfy
‖Lku‖L2(R3) ≤M‖u‖L2(R3).
3. Results
3.1. B(X)-module as a set of pre-infinitesimal generators
Let t and s satisfy t, s ∈ [−T,+T ] for a certain positive real number T . Let X and U(t, s) be
a Banach space and a strongly-continuous two-parameter group on X satisfying the semigroup
property:
U(t, r)U(r, s) = U(t, s),
U(s, s) = I,
where I denotes the identity operator of X. The logarithmic representation of infinitesimal
generators is introduced using U(t, s). Although there is a generalized relativistic version of
logarithmic representation [5], it is sufficient here to utilize the original invertible version [1].
Definition. Let t and s satisfy t, s ∈ [−T,+T ] for a certain positive real number T . Let Y
and us be a subspace of X and an element included in Y , respectively. For a given evolution
operator U(t, s), the pre-infinitesimal generator A(t) : Y → X is a closed operator defined by
A(t)us := wlim
h→0
h−1(U(t+ h, t)− I)us,
where wlim means a weak limit.
Let A(t) commute with U(t, s). The pre-infinitesimal generator is a generalized concept of
infinitesimal generator, but it is not necessarily an infinitesimal generator without assuming
the dense property of domain space Y in X. That is, only the exponentiability with a certain
ideal domain is valid to the pre-infinitesimal generators. The pre-infinitesimal generator A(t) is
represented by
A(t)us = (I + κU(s, t))∂ta(t, s)us,
∂ta(t, s) := ∂tLog(U(t, s) + κI),
(5)
if A(t) and U(t, s) commute. In this representation, Log denotes the principal branch of
logarithm being defined by the Riesz-Dunford integral, and κ 6= 0 denotes a certain complex
constant. The representation (5), which is called the logarithmic representation of operators,
corresponds to the generalization of the Cole-Hopf transform [4]. The operator ∂ta(t, s) is the
pre-infinitesimal generator, because exp[a(t, s)] is always well-defined by the boundedness of
a(t, s) on X. Note that exp[a(t, s)] with κ 6= 0 does not satisfy the semigroup property [2], and
A(t) is not necessarily bounded on X.
Using the logarithmic representation of generally-unbounded operators in a Banach space
X, the module over the Banach algebra is introduced based on Ref. [3]. Much attention is
paid to the part a(t, s) of the logarithmic representation. Let Ui(t, s) with i = 1, 2, · · · , n be
evolution operators satisfying the semigroup property. For a certain K ∈ B(X), the operators
Log(Ui(t, s) +K) are assumed to commute with each other. A module over the Banach algebra
is defined by
BLg(X) = {KLog(Ui(t, s) +K); K ∈ Bab(X), K ∈ B(X), t, s ∈ [−T,+T ]} ⊂ B(X),
where Bab(X) means a set of bounded operators on X, which commute with Log(Ui(t, s) +K).
The set BLg(X) is called the B(X)-module in Ref. [3]. The operator ∂t[KLog(Ui(t, s) +K)] is
the pre-infinitesimal generator of exp[KLog(Ui(t, s) + K)]. Consequently, as suggested by the
inclusion relation BLg(X) ⊂ B(X), operators ∂ta(t, s) are the pre-infinitesimal generators if
a(t, s) ∈ GLg(X) is satisfied. In the following the operator norms are simply denoted by ‖ · ‖
if there is no ambiguity. The pre-infinitesimal generator property is examined for products of
operators in the next lemma.
Lemma 1. Let an operator denoted by
LLog(U(t, s) +K)
be included in BLg(X), where the evolution operator U(t, s) is generated by A(t), L is an element
in Bab(X), and K is an element in B(X). Let K and L be further assumed to be independent
of t. The product of pre-infinitesimal generators, which is represented by
LA(t) = (I +KU(s, t))∂t[LLog(U(t, s) +K)], (6)
is also the pre-infinitesimal generators in X.
Proof. Since L is independent of t,
∂t[LLog(U(t, s) +K)] = L∂t[Log(U(t, s) +K)]
is true. The basic calculi using the t-independence of K leads to the product of operator LA(t).
It is well-defined by
(I +KU(s, t))∂t[LLog(U(t, s) +K)]
= L(I +KU(s, t))∂t[Log(U(t, s) +K)]
= L(I +KU(s, t))(U(t, s) +K)−1∂tU(t, s) = LA(t)
under the commutation assumptions, where the relation ∂tU(t, s) = A(t)U(t, s) is applied. Let
t, s ∈ [−T,+T ] satisfy s < t. The pre-infinitesimal generator property of LA(t) is confirmed by
∥∥∥∫ ts (I +KU(s, τ))∂τ [LLog(U(τ, s) +K)]dτ
∥∥∥
≤
∥∥∥(I +KU(s, σ)) ∫ ts ∂τ [LLog(U(τ, s) +K)]dτ
∥∥∥
≤ sup
τ∈[s,t]
‖(I +KU(s, τ))‖
∥∥∥∫ ts ∂τ [LLog(U(τ, s) +K)]dτ
∥∥∥
≤
(
1 + ‖K‖ sup
τ∈[s,t]
‖U(s, τ)‖
)
‖L‖ ‖Log(U(t, s) +K)− Log(I +K)‖ ,
where a certain real number σ ∈ [s, t] is determined by the mean value theorem.
Consequently, due to the boundedness of
∫ t
s (I + KU(s, τ))∂τ [LLog(U(τ, s) + K)]dτ on X,
(I +KU(s, t))∂t[LLog(U(t, s) +K)] is confirmed to be the pre-infinitesimal generator in X.
As for the angular momentum operator, the t-independent assumption for operators K and
L is satisfied. Note that t-independence assumes a kind of commutation relation. This lemma
shows the product-perturbation for the infinitesimal generators of C0-groups under the com-
mutation, although the perturbation has been studied mainly for the sum of operators. It is
remarkable that the self-adjointness of the operator is not required for this lemma. For the de-
tails of conventional bounded sum-perturbation, and the perturbation theory for the self-adjoint
operators, see Ref. [6].
Lemma 2. Let an operator denoted by
LLog(U(t, s) +K(t))
be included in BLg(X), where the evolution operator U(t, s) is generated by A(t), L is an element
in Bab(X), and K(t) is an element in B(X). Let L and K(t) be t-independent and t-dependent,
respectively. The operators represented by
G(t)∂t[LLog(U(t, s) +K(t))] (7)
is the pre-infinitesimal generators in X, if the operator G(τ) ∈ B(X) is strongly continuous with
respect to τ in the interval [s, t].
Proof. Let t, s ∈ [−T,+T ] satisfy s < t. The pre-infinitesimal generator property is reduced to
the possibility of applying the mean-value theorem.
∥∥∥∫ ts G(τ)∂τ [Log(U(τ, s) +K(τ))]dτ
∥∥∥
≤
∥∥∥G(σ) ∫ ts ∂τ [Log(U(τ, s) +K(τ))]dτ
∥∥∥
≤ sup
τ∈[s,t]
‖G(σ)‖
∥∥∥∫ ts ∂τ [Log(U(τ, s) +K(τ))]dτ
∥∥∥
≤ sup
τ∈[s,t]
‖G(σ)‖ ‖Log(U(t, s) +K(t))− Log(I +K(s))‖ ,
where a certain real number σ ∈ [s, t] is determined by the mean value theorem. Consequently,
G(t)∂t[LLog(U(t, s) +K(t))] is confirmed to be the pre-infinitesimal generator in X.
Equation (7) provides one standard form for the representation of operator products in the
sense of logarithmic representation. As a result, B(X)-module is associated with the pre-
infinitesimal generator.
3.2. Preparatory Lemmas
The building blocks of rotation groups are introduced as pre-infinitesimal generators in the fol-
lowing lemmas.
Lemma 3. Let rk be either x, y, or z. Let I be the identity operator of L
2(R3). An operator
irkI is an infinitesimal generator in L
2(R3).
Proof. For any w ∈ C, it is possible to define the exponential function by the convergent power
series: ew =
∑
∞
j=0(w)
j/j!, so that
eitrkI =
∞∑
j=0
1
j!(itrkI)
j
is well-defined for t, rk ∈ R. This fact is ensured by the boundedness of the identity operator I,
although rkI and irkI are not bounded operators in L
2(R) if the standard L2-norm is equipped.
It is sufficient for irkI to be the pre-infinitesimal generator.
For an arbitrary rk ∈ R, an operator irkI with its domain L
2(R) is the infinitesimal generator
in L2(R); indeed, the spectral set is on the imaginary axis of the complex plane, and the unitary
operator is generated as ∫
|(eitrkIu)|2 drk =
∫
|u|2 drk.
Consequently, the operator irkI is treated as an infinitesimal generator in L
2(R) and therefore
in L2(R3).
Lemma 4. For ri equal to x, y, or z, an operator ∂ri with its domain H
1(R3) is an infinitesimal
generator in L2(R3).
Proof. The operator ∂x is known as the infinitesimal generator of the first order hyperbolic type
partial differential equations. For a complex number λ satisfying Reλ > 0, let us consider a
differential equation
∂xu(x) = λu(x)− f(x) (8)
in L2(R), and
u(x) = −
∫
∞
x exp[λ(x− ξ)]f(ξ)dξ
satisfies the equation. According to the Schwarz inequality,
∫+∞
−∞
|u(x)|2dx =
∫+∞
−∞
|
∫
∞
x exp[λ(x− ξ)]f(ξ)dξ|
2dx
≤
∫+∞
−∞
{∫
∞
x exp
[
(Reλ)(x−ξ)
2
]
exp
[
(Reλ)(x−ξ)
2
]
|f(ξ)|dξ
}2
dx
≤
∫+∞
−∞
∫
∞
x exp [(Reλ)(x− ξ)] dξ
∫
∞
x exp [(Reλ)(x− ξ)] |f(ξ)|
2dξ dx
is obtained, because |eλ/2|2 = |eReλ/2|2 |eiImλ/2|2 ≤ eReλ is valid if Reλ > 0. Here the equality
∫
∞
x exp [(Reλ)(x− ξ)] dξ =
∫
∞
0 exp [(−Reλ)ξ] dξ =
1
Reλ
is positive valued if Reλ > 0. Its application leads to
∫ +∞
−∞
|u(x)|2dx ≤ 1Reλ
∫+∞
−∞
∫
∞
x exp [(Reλ)(x− ξ)] |f(ξ)|
2dξ dx
≤ 1Reλ
∫ +∞
−∞
∫ ξ
−∞
exp [(Reλ)(x− ξ)] dx|f(ξ)|2dξ
Further application of the equality
∫ ξ
−∞
exp [(Reλ)(x− ξ)] dx =
∫ 0
−∞
exp [(Reλ)x] dx = 1Reλ
results in ∫+∞
−∞
|u(x)|2dx ≤ 1
Reλ2
∫ +∞
−∞
|f(ξ)|2dξ,
and therefore
‖(λI − ∂x)
−1f‖L2(R) ≤
1
Reλ2
‖f‖L2(R).
That is, for Reλ > 0,
‖(λI − ∂x)
−1‖ ≤ 1Reλ
is valid. The surjective property of (λI − ∂k) is seen by the unique existence of solution
u(x) ∈ L2(R) for the initial value problem of Eq. (8).
A semigroup is generated by taking a subset of the complex plane as
Ω = {λ ∈ C; λ = λ}
where Ω is included in the resolvent set of ∂x. For λ ∈ Ω, (λI − ∂x)
−1 exists, and
‖(λI − ∂x)
−n‖ ≤ 1(Reλ)n
is obtained. Consequently, according to the Lumer-Phillips theorem [8, 9] for the generation of
quasi contraction semigroup, ∂x with the domain space H
1(R) is confirmed to be an infinitesimal
generator in L2(R). The similar argument is valid to ∂y and ∂z . By considering (x, y, z) ∈ R
3,
∂k with k = x, y, z are the infinitesimal generators in L
2(R3).
3.3. Main theorems
In order to establish {iLk/h¯; k = x, y, z} as the Lie algebra, it is necessary to show
±iLk/h¯ = ±(ri∂rj − rj∂ri)
as an infinitesimal generator in L2r(R
3), where i, j, k = x, y, z satisfies i 6= j 6= k. According to
Lemmas 3 and 4, both riI and ∂rj are infinitesimal generators in L
2
r(R
3). It follows that, for
t ∈ R, groups eitriI and et∂rj are well-defined in L2r(R
3).
Theorem 5. Let ri be either x, y, or z. For i 6= j, an operator ±ri∂rj with its domain space
H1r (R
3) is an infinitesimal generator in L2r(R
3). Consequently, the angular momentum operators
±iLx/h¯ = ±(y∂z − z∂y),
±iLy/h¯ = ±(z∂x − x∂z),
±iLz/h¯ = ±(x∂y − y∂x)
are infinitesimal generators in L2r(R
3).
Proof. Let i 6= j be satisfied for i, j = x, y, z. Since e±(t−s)∂rj is well-defined (cf. Lemma 4) with
the domain space H1r (R
3), its logarithmic representation is obtained by
±∂rj = (I + κe
±(s−t)∂rj )∂tLog(e
±(t−s)∂rj + κI),
where κ 6= 0 is a certain complex number. The product between iriI and ±∂rj is represented by
±iri∂rj = iri(I − κe
±(s−t)∂rj )∂t[Log(e
±(t−s)∂rj + κI)].
Using the commutation and t-independence of riI, it leads to the logarithmic representation
±ri∂rj = (I + κe
±(s−t)∂rj )∂t[riLog(e
±(t−s)∂rj + κI)]
without the loss of generality. The domain space of riI is equal to L
2(R3), as eiriI is represented
by the convergent power series in L2r(R
3). The half plane {λ ∈ C; Reλ > 0} is included in the
resolvent set of ±ri∂rj (cf. the proof of Lemma 4). Consequently, for t, ri ∈ R, the existence
of e±tri∂rj directly follows from the confirmed existence of e±t∂rj (cf. the proof of Lemma 3).
Being equipped with the domain space H1r (R
3), ±ri∂rj is the infinitesimal generator in L
2
r(R
3).
The pre-infinitesimal generator property of sum is also understood by the B(X)-module
property. The sum between ri∂rj and −rj∂ri is represented by
(I + κe+(s−t)∂rj )∂t[ri Log(e
+(t−s)∂rj + κI)]− (I + κe−(s−t)∂ri )∂t[rj Log(e
−(t−s)∂ri + κI)]
= (I + κe+(s−t) ∂rj )∂t[ri Log(e
+(t−s)∂rj + κI)− rj Log(e
−(t−s)∂ri + κI)]
−(κe+(s−t) ∂rj − κe−(s−t)∂ri )∂t[rj Log(e
−(t−s)∂ri + κI)]
= (I + κe+(s−t) ∂rj )∂tri[Log(e
+(t−s)∂rj + κI)− Log(e−(t−s)∂ri + κI)]
−(I + κe+(s−t) ∂rj )∂t[(ri − rj) Log(e
−(t−s)∂ri + κI)]
−(κe+(s−t) ∂rj − κe−(s−t)∂ri )∂t[rj Log(e
−(t−s)∂ri + κI)],
(9)
where all the three terms in the right hand side are of the form
G(t)∂t[riLog(U(t, s) +K(t))]
whose pre-infinitesimal generator properties are proved similarly to Lemma 2. In particular, the
first term in the right hand side can be reduced to the above form with L = 1 and t-dependent
K(t) (see the proof of Theorem 2 of Ref. [3]), the parts corresponding to G(t) are strongly
continuous, and ri is independent of t. After having an integral of Eq. (9) in terms of t, each
term is regraded as a bounded operator on L2r(R
3). Consequently, for i 6= j, the application of
Lemma 2 leads to the fact that
±(ri∂rj − rj∂ri)
with its domain space H1r (R
3) is the infinitesimal generator in L2r(R
3).
This lemma shows the unbounded sum-perturbation for infinitesimal generators of C0-groups.
It directly follows from the sum closedness of B(X)-module. Again it does not require the self-
adjointness of the operator.
Theorem 6. For t, s ∈ [−T,+T ], let Vk(t, s) with k = x, y, z in L
2
r(R
3) be generated by iLk/h¯.
For a certain complex constant κ 6= 0, the angular momentum operator ±iLk/h¯ with k = x, y, z
is represented by the logarithm
±iLk/h¯ = ±(I + κVk(s, t))∂t[Log(Vk(t, s) + κI)], (10)
and the corresponding evolution operator is expanded by the convergent power series
Vk(t, s) = e
Log(Vk(t,s)+κI) − κI
=
∞∑
n=0
1
n!(Log(Vk(t, s) + κI))
n − κI
= (1− κ)I +
∞∑
n=1
1
n!(Log(Vk(t, s) + κI))
n
(11)
where Log(Vk(t, s) + κI) is bounded on L
2
r(R
3), although Lk is unbounded in L
2
r(R
3).
Proof. According to Theorem 5, the group Vk(t, s) with k = x, y, z is generated by the
infinitesimal generator iLk/h¯ in L
2
r(R
3). This fact leads to the logarithmic representation
iLk/h¯ = (I + κVk(s, t))∂t[Log(Vk(t, s) + κI)], (12)
where κ 6= 0 is a certain complex constant. The relation Vk(t, s) + κI = e
Log(Vk(t,s)+κI) admits
the power series expansion of Vk(t, s).
Let us call the representation shown in Eq. (10) the collective renormalization, in which a
detailed degree of freedom ri∂rj is switched to a collective degree of freedom Lk. The collective
renormalization is introduced for utilizing another degree of freedom instead of the original
degree of freedom. In a more mathematical sense, the collective renormalization plays a role
of simplifying the representation. Equation (11) ensures the validity of convergent power series
expansions used in operator algebras even if they include unbounded operators.
4. Concluding remark
The mathematical foundation of rotation group has been demonstrated. Although the evolution
parameter in this article is denoted by t, s ∈ [−T,+T ], it is more likely to be denoted by
θ, σ ∈ [−Θ,+Θ], because the evolution parameter in the present case means the rotation angle.
In summary, the product-perturbation theorem for the C0-group of operators is shown by
Lemma 1. An algebraic concept B(X)-module is associated with the pre-infinitesimal generator
in Lemma 2. The angular momentum operators are formulated by the logarithmic representation
in Theorem 5 as a result of unbounded sum-perturbation. The bounded aspect of angular
momentum operators is presented with respect to the collective renormalization in Theorem 6.
In conclusion, the rotation group is formulated by means of the B(X)-module. The present
method based on the B(X)-module does not require the self-adjointness of the operator, so that
it opens up a way to have a full-complex analysis (neither real nor pure-imaginary analysis) for
a class of unbounded operators in association with the operator algebra.
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